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Abstract Global-in-time existence of weak solutions to the Cauchy problem of the three
dimensional Vlasov-Poisson-BGK system is shown for initial data belonging to the space
L?(R? x R?) with p > 9 and having finite second order velocity moments. This result
solves partially the well-posed problem for the Vlasov-Poisson-BGK system proposed
by B. Perthame: “Higher moments for kinetic equations: the Vlasov-Poisson and Fokker-
Planck cases,” Math. Meth. Appl. Sci. 13:441-452, 1990.
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1 Introduction

We consider a statistical mechanics system (e.g., a stellar dynamical system or a plasma)
which occupies the three dimensional Euclid space R and consists of a large number of
particles interacting through long range forces as well as short range ones. Let f (¢, x,&) >0
be the microscopic density of particles in this system at time ¢ > 0 and position x € R?,
moving with velocity £ € R3, and let ps(t,x), ug(t,x) and O(t, x) be respectively the
mass (charge) density, bulk velocity and temperature (i.e., macroscopic quantities) of the
system at time ¢ and position x, that is to say that [6]

oy 1
pruf (t,x)=/ £ | ft.x,6)dE, >0, xeR. (1.1)
pf|uf|2+3pf9f RS |'§|2

It is well known that the long range interactions among particles are self consistent and
can be characterized by the macroscopic density p,(z, x) through Poisson’s equation [11].
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On the other hand, for a dilute system such as a stellar dynamical system or a plasma, the
short range interactions between particles are assumed to be binary and can be described
by several nonlinear operators, one of which is the BGK collision operator [5, 6]. In this
situation, the evolution of the system is governed by the Vlasov-Poisson-BGK system

Wf+E-Vif +E@x)-Vef =J(f), (x,§)eR xR 1>0,

(1.2)
f0,x,8) = fo(x,§), (x,6)€eR xR,
AU, x)=yps(t,x), |1|im U(t,x)=0, xeR’ >0, (1.3)
E@t,x)=-V,U(t,x), xeR> t>0. (1.4)
Here J(f) = M[f]1(¢t,x,&) — f(t,x,§) is the BGK collision operator with
_ prtx) CE—up )P
M5O = o6 (o P ( 26,1, %) ) (4

being the local Maxwellian corresponding to the unknown f(¢, x, &). Obviously, the BGK
operator has five collision invariants 1, £ and |£|?, that is to say that we have for any reason-
able microscopic density f

/M T & [EP)dE =0.

Functions U (¢, x) and E(t, x) in (1.3) and (1.4) are respectively the potential and force field
for long range interactions for which y = 1 corresponds to gravitational or repulsive cases
(e.g., y = —1 for a stellar dynamical system and y = 1 for a plasma). The nonnegative
function fy(x, &) in (1.2) is an initial microscopic density of the system and is assumed to
be known.

The Vlasov-Poisson-BGK system (1.1)—(1.5) can be viewed as a higher order correction
to the collisionless Vlasov-Poisson system, it is also a kinetic model of the Vlasov-Poisson-
Boltzmann system. For the classical Vlasov-Poisson system, there is a numerous literature
devoted to the studies of it (see e.g., [2—4, 9, 11, 14-17, 19, 20, 25, 26, 28, 29] and the refer-
ences therein), and the Vlasov-Poisson-Boltzmann system also attracts several researchers’
attentions (see e.g., [1, 7, 8, 12, 13, 18, 22, 30, 31] and the references therein). It is well
known that the BGK collision operator is a good approximation of the Boltzmann operator
and plays an important role in numerical simulations [6]. On the other hand, no rigorous
results on the Vlasov-Poisson-BGK system have been obtained so far. Actually, an open
problem on solvability of its Cauchy problem was posed by B. Perthame in 1990 [24], and
it still remains unsolved. The present paper is devoted to investigating this problem and
establishing certain mathematical results on the existence of global weak solutions.

Another important issue for the Vlasov-Poisson-BGK system (1.1)—(1.5) is the unique-
ness of its solutions. Although this problem has been well solved for the classical Vlasov-
Poisson system (see e.g., [19] and [20]), from the author’s point of view it is a rather difficult
problem even for more regular solution classes in the Vlasov-Poisson-BGK situation.

Before we proceed further, we first note that it follows from the classical potential theory
that for sufficiently regular macroscopic density o (this is the case in this paper), the unique
solution of (1.3) and (1.4) can be expressed by

U(t7 )=_)’F(') *yx pf(ts)a E(t»)=)’K(') *y pf(t! )5 (16)
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where I'(x) = —#M is the fundamental solution of the Laplacian A, in R® and K (x) =
V,.I'(x) = 471"‘—”3. Hence, the Vlasov-Poisson-BGK system (1.1)—(1.5) is equivalent to (1.1),
(1.2), (1.5) and (1.6).

As has been mentioned above, this paper is aimed at establishing global-in-time solutions
to the Cauchy problem (1.1)—(1.5). So, we first of all fix the notation of weak solutions to the
kinetic equations (1.1)—(1.5) used in the present paper. A nonnegative function f(¢,x,&) €
L'([0, T); L'(R? x R?)) is said to be a weak solution on [0, T') to the system (1.1)—~(1.5) if
E(t, x) verifies (1.6) and

/OTdt/R}XRJf(a@Jrs -Vx¢>+E-V§¢)dxd$+/

R3 x

Sodli—odxdé
R3

T
—/ dt/ J(f)pdxdé =0 (1.7)
0 R3 xR3

for any test function ¢(z,x,&) € C°([0,T) x R? x R?). If in addition f(t,x,&) €
Llloc([O, 00); L'(R? x R?)), and if (1.6) and (1.7) are valid for all T > 0, then f is said to be
a global weak solution to the system (1.1)—(1.5). Due to the fact that only first order deriv-
atives are involved in (1.7), we can replace the test function space C>°([0, T) x R® x R%))
by C1([0, T) x R? x R%)).

Suppose that f (¢, x, &) is a weak solution to the system (1.1)—(1.5), its kinetic energy
and potential energy at time ¢ are respectively defined by (see, e.g., [14—16] and [25])

(1) = f

R3xR3

€12 f(t, x,&)dxdE  and sp(f><r>=y/ |E(t,x)Pdx.  (1.8)
RS

Integration by parts, we obtain another expression of &, (f)(¢):

5,,(f)(t) = _7//

D= y)prt,x)ps(t, y)dxdy.
R3 xR3

For p € [1, oo], the norm of f € L?(R? x R?) is denoted by | £l ,. With the above notations,
we can describe our main results.

Theorem 1.1 Suppose that the initial value fy(x, &) is a nonnegative function satisfying
(A+1EM foeL'® xRY,  foe L"®’ xRY) (1.9)

for p > 9, then there exists a global weak solution f(t,x, &) to the system (1.1)—(1.5) such
that

ILf Ol =1 follr, If Ol =exp(Cpt)ll foll . =0, (1.10)

where C, > 0 is a constant depending only upon p. Moreover, we have

SO+ E (N0 =&(fo) +Ep(fo), t=0. (1.1D)

Consequently, there exists a positive constant M = M (|| foll1, Il foll o, p) such that

(@) = 2[E(fo) +1E,(f)ll + M exp(2Cp1), 1 =0. (1.12)
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Remark 1.1

(1) In (1.12), |€,(fo)| can be estimated by generalized Young’s inequality, Holder’s in-
equality and interpolation inequality in Lemma 2.2 (1) of Sect. 2 as follows:

1€, (fo)l = /R E0, ) dx

< /3[|K(-)| xe Py (IPdx < Cillog I
R

Tp—9 5p-3
6(p— 6(p—1)

=< Cl”/)fo”1 g ”pr”r(p)

-3
Tp—9

8p=D) Lo 2 £33\ 8D
— 2 =
< Cillog ;" (C”fO”pp &1~ foll” )

Tp=9 P

Tp=9_ 1
6(p—1D) 3(p-1) 2 2
< CNAI Il 1EF foll i < oo,

where

gﬁ—j, 1<p<oo,
r(p) =1,
53

p = o00.
This inequality and (1.12) indicate that the kinetic energy & (f)(¢) is locally bounded
on [0, co) and grows at most exponentially as t — oco.

(2) Inthe case of y =1, we have £,(f)(t) = ng |E(t, x)|>dx = 0. Then (1.11) implies that
E (1) < E(fo) + E,(fo) for all £ > 0. Hence, the kinetic energy & (f)(z) is globally
bounded on [0, 00).

(3) Compared with the classical results on global existence of weak solutions for the
Vlasov-Poisson system obtained by E. Horst and R. Hunze in [16], Theorem 1.1 re-
quires higher integrability for the initial datum fj, i.e., we assume p > 9 rather than
p > (12 +3+/5)/11. This point is due to the following facts.

To prove the sequence of approximate solutions f° constructed in Lemma 2.1 (see
Sect. 2) converges to a weak solution f of the system (1.1)—(1.5), two difficulties must
be overcome. The first is to show the weak convergence of E° f* to Ef, and the second is
to prove the continuity of the nonlinear operator M| f], i.e., M[ f¢] — M[f] in a local L'
sense as ¢ — 07. Due to those facts, we have to establish uniform control on higher veloc-
ity moments for the sequence of approximate solutions f*. Precisely speaking, we have to
prove that for some § > 0 small enough and any R < oo, there exists a positive constant K
independent of € such that (see inequality (2.11) in Sect. 2)

T
/ d:/ |E|* fedxde < K.
0 B(o,R)ng

To this end, by the velocity moments lemma (Lemma 2.4), we obtain inequality (2.7) in
Sect. 2. Hence, the above uniform estimate can be achieved by estimating each terms in the
right hand side of (2.7). However, an estimate of the following term

T
[Far [ i) giads, @ =-£p)
0 RI xR}
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relies on the estimate of the electric field E° established in Lemma 2.3, which are only
known to be valid when

_ 240 = 8) +/(7 — 68) + 14028 + 30)
p= (5 —300) '

(1.13)

. . 24(1—8)++/ (7—68)2+14(28438
Since limg_, o+ CRE VAl )

(5308
and § € (0, 1/6) is small enough.

The assumption p > 9 in Theorem 1.1 is probably not optimal and may be improved.
However, in order to do so, new methods must be introduced.

=09, condition (1.13) is satisfied as long as p > 9

2 Proof of the Main Results

In order to prove Theorem 1.1, for any ¢ > 0 we regularize the fundamental solution I" and
the convolutional kernel K by ([14] and [16])

1 X
r=———  K@=VT(x)=———.
£(x) T )2 £(x) £(x) Ine + )
Using these regularized quantities, we construct approximate equations of system (1.1)—
(1.5) as follows

atfs—'—%:'VXfE—i'_ES'foE:J(fS)’ fg(ovxvs):fo(xvs)’ (21)
Ef(t,x) = Y[Ke() % ppe(t, )](x), (x,&) eR* xR, t >0, (2.2)

where pse and J(f®) are defined by (1.1) and (1.5) with f replaced by f°.

It is well known that for any ¢ € [1,3/2), K. — K| a3y — 0 as ¢ — 0 [16]. This
fact enables us to show that a sequence of solutions to the initial value problem (2.1) (2.2)
converges in some sense to a solution of the system (1.1)—(1.5) as € — 0, so long as some
strong enough regularities for those solutions are available. Hence, a way of proving the
main result can be divided into three steps: the first step is to show global existence of
solutions to the approximate problem (2.1) (2.2), the second step is to establish various
estimates of those approximate solutions, and the final step is to pass to the limit to obtain the
desired solutions. Actually, results of the following lemma, the proof of which is postponed
to the next section, can be served as the first step and part of the second step.

Lemma 2.1 Suppose that the initial datum fy(x, &) satisfies |&]> fo € L'(R® x R?) and
foe L'NLP(R3 x R3) for p > 2, then for any & > 0, the initial value problem (2.1) (2.2)
has a nonnegative solution f° such that

15O =1l LFE @Ol <expC,D follp, >0, 23)

E(fD) +Ep e (f)W) =E(fo) +Epe(fo), 1=0. (2.4)

Here, £, (f*)(t) =~y ngng Ié(x — y)pye(t, x)pse (t, y)dxdy and C'p is a positive con-
stant independent of €. Moreover, there exists a positive constant M = M (|| foll1, I foll», P)
independent of € such that

E(F)) <2E(fo) + 1€y (fo) 1+ Mexp2Cyt), 1 >0. (2.5)
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Remark 2.1 By using the Sobolev’s inequality in Lemma 2.2 (2) and a similar method in
Remark 1.1, it is easy to show that

Tp—9 P 1

=y =D (g2 £ 2
1€, S = ClLAl 7 L foll, "7 INEN foll i < oo,

where C’ > 0 is a constant independent of & > 0.

However, estimates of approximate solutions just like (2.3) and (2.4) are not enough to
pass to the limit, and further estimates on the electric fields E® and higher order velocity
moments of the approximate solutions are needed. In order to do so, we need the following
lemma.

Lemma2.2 (1)Let pe(1,00],0<a <2and f(x,&) € L”(R? x R?) be nonnegative such
that |&|> f € L'(R? x R3), then there exists a positive constant C = C(p, o) such that

B+a)p-3
Q-a)p 5p=3
5p—3 2
|§1% fd& <Clfly”" |§1° fdxd§ ,
R} R3 xR3
£ r(p,a) X
with
__ 3 | <p<oo
Grayp—(ra)’ p ’
r(p,a)= { s
Gra)’ p=co.

As a consequence, we know that the macroscopic density

pr(x) = / Fl,£)d € L'O/(®)
]R3

and
lofllrpy < COILI T NEP LI,
where
3 )<
—, p <00,
r(p)=r(p,0)= { o
3 p = 0oQ.

(2) (Sobolev inequality) Let py, p> € (1, 00), A € [0, 3) such that 1}—1 + é +%=2.Then
for any yr; € LPY(R), 4, € LP2(R?), we have

Y1 )Y ()]
/M@ T = Clln el

where C = C(py, pa2, A) is a positive constant.

For the second part (the Sobolev’s inequality) of the lemma we refer the readers to
Lemma 3.4 in [16] (see also [27], p. 31, Example 3). On the other hand, the interpolation
inequality given in the first part of the lemma with o« = 0 is well known (see e.g., Lemma 5.5
in [15]), for the general case, we refer the readers to Lemma 1.8 in [28]. Here, for readers
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572 X. Zhang

convenience, we sketch its proof. For any R > 0, we have by the Holder’s inequality (where
|S?| denotes the area of the unit sphere in R?)

1
“fd “fd 2fd
/R;'S' f sffwm ! s+R2_a/‘é_‘>R|s|fs

ap 1=1/p 1/p 1
id z 2fd
< </EI<R|$| s) (A<R|f| s) tom fwm fdg

p=l 1/p 1
3(p—D+ap
R /Ifl”dé‘ + z_a/ &1 fdg.
R} RE Jgs

IA

3(p—D+ap
Taking
U (p—DISY (ng|f|pd€:)1/,, ;

we obtain

B+a)p-3 2—a
/Iél‘”fdéfcl(p,a)</ Iélzfdé) (/ |f|”d$> ,
R} R} R}

where C;(p, o) is a positive constant depending only upon p and «. It follows that

__Gto)p=3 _2—a

r(p.a) Gta)p—(+a) Gra)p—(T+a)

/IEI“de =G(p, o) fl%‘lzfdé /Iflpds ,
R} R} R}

where C2(p, o) = C(p, )" % . Then integrating against x over R? and using the Holder’s
inequality once more, we obtain the desired inequality.

Based on this lemma, we can establish the following estimates on the electric fields E?,
which plays an important role in the present paper, especially in the uniform control of
higher velocity moments for approximate solutions mentioned in Remark 1.1(3).

Lemma2.3 Let f(x,&) € L'NL?(R3 x R?) be nonnegative such that |£|> f € L' (R? x R?),
and let E*(x) = (K® % ps)(x) and § € (0, 1/6) sufficiently small, then there exist positive
constants C(p) and C(p, 8) such that for p € [3,00] and ¢ >0

5p2—18p+9 4p? 2p

-5 || ) GO (152 4| 57
IE“ N < CENFI A7 HEE £

24(1— —68)2414(2
(1—-8)+4/ (7—68)2+14(28+38) and & >0

(5—-308)

and for p >

(1-68) p—(9-65) plL(11+68) p—(3+65)] (11468) p—(3+68)

2(p—1D) 6(p—DH(5p=3) 2 4G5p-3)
IE N pajosy <CpOIFN [ 111 A R

Here r'(p) and v’ (p, 1/2 + 8) are exponents conjugate to r(p) and r(p, 1/2 + §) respec-
tively.
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Proof If p € [3, oo], then }512%3 < r(p). By generalized Young’s inequality and Holder’s
inequality, we obtain

1
IE Iy = 1K % prllripy < | =5 * o
x| r'(p)
5p2—18p+9 2p(5p=3)
(p—D(A5p—9) (p—D(15p—9)
< COMoslzey < COIAT o5,

Using Lemma 2.2 (1) to || o7 l,(p), We get

5p2—18p+9 4p?

6p
(p—1)(15p—9) (p—D(A5p-9) 2 15p=9)
IE“ Ny < CENFIN N MEE £

If p> 24(1—8)+~/ (7—68)2+14(28+38) , then 6(5p—3) <

G300 (T9=68)p—(15-65) = r(p). Similarly, we have

*
x|?

1E o124 = 1K * prllrip1248) <

r'(p,1/2+38)

< C(p,dllprll )

19-66) p—(15—-68)

(1-68) p—(9—6) (11468) p—(3+68)

<CE Il " ol

(1-68) p—(9—-68) pL(114-68) p—(3465)] (114+68) p—(3+68)

201 5D 2y Ay
<Cp.dlfly 1A 27 Er £y .

In order to show weak continuity of the nonlinear operator M| f] as well as weak com-
pactness of E° ¢, we need another tool called velocity moments lemma established by
B. Perthame [23] and improved by himself in [24]. Here, we state it as the following lemma
(see, [24], Proposition 2).

Lemma 2.4 Let fy(x,€) € L'(R® x R%) and f(t,x,&), h(t,x,€) € L.([0, 00), L'(R3 x
R?)), and let g(t, x, &) € L ([0, 00), L'(R? x R3))? such that

loc

Wf+E-Vif=h+Ve-g, inD(0,00) xR xR,
F0,x,8) = folx, §).

Then, foranya >0,0<T <ooand K, CC Ri, we have
T
/ dr / £ fdxde
0 KXXR;;
T
<C(1 + diam(K,) / 1 / [(1 4 [61%) [g] + £14/24) 1] dxdg
0 RI xR}

+ C(1 +diam(K,)) f [1E11727 + &M | foldxdE,
R3 xR3
X 2E

where C is a positive constant and diam(K ) is the diameter of the compact subset K.
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Now, we are in a position to prove the main results in this paper.

Proof of Theorem 1.1 Firs, we establish the uniform control of higher velocity moments
for approximate solutions mentioned in Remark 1.1(3). For any ¢ > 0, let /¢ be the global
nonnegative solution to (2.1) (2.2) constructed in Lemma 2.1. Let h* = J(f°) and g° =
—E?® - f?, then

(2.6)

{B,fg +E-Voff=h*+Ve-g°, inD((0,00) x R} x R3),
fg(o’xvg) = fO(-xvé)'

Equation (2.6) and Lemma 2.4 imply that for any T, R € (0, 0o) and sufficiently small 6 €
(0, 1/6) (Here, we take K, = B(0, R) and « = 1/2 4 § in Lemma 2.4)

T
/ dt / |E1* fedxde
0 B(O,R)xkg

T
<K(1+R) f di / (14 E12490) g + [€] 049 |1 [Jdxde
0 R3 xR3
X E

HKA+R) | L5 41519 foldxds, @.7)
R:YX]R‘E

where K = 2C is a positive constant independent of ¢. We estimate each term on the right
hand side of (2.7) separately as follows. Firstly, we have by (1.9)

[, U6 €90 i dxae

Ry

<2 / (1 + £ foldxd& = Ko fo) < oo. (2.8)
R§XR§

Secondly, by (2.5), Remark 2.1 and generalized Young’s inequality (notice that 1 and |£|?
are collision invariants of the BGK operator), we obtain

T
/ dt/ €14 | h | dxdE
0 Rixﬂ@g

T
5/ dr/ (14 [E) A |dxdE
0 Ring

T
52/ dz/ (1+ [EP)]f*|dxde
0 Rixmg

T
<2T| folly +4TIECSD) + €y fdl] + M /O exp(2C,1)di

Tp—9

)4 1 ~ -
< T2l folli +4&(fo) +4C I Lol N foll " " NEP follF + M exp(2C,T)]
= K((T, p, fo) < oo. 2.9)
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Finally, it follows from p > 9 that there is a sufficiently small § € (0, 1/6) such that

24(1—5)+\/(7 66)2 + 14(28 + 36)
(5 —308) '

Hence, by Lemma 2.2 (1), Lemma 2.3 and Holder’s inequality, we get

T
/ dr / (1+ 181129 | g* dxdg
0 R} xR}
T T
5/ dt/ |E8|dx/ ffds+/ dt/ |Ef|dx/ |E|1/2HD reqe
0 R3 Rg 0 R3 Rg
T
< / 1E N / feds
0 R3

&
3p-3
523 2 5p=3
SC/ NE Nl fo Nl ’ NEFfoN" dt
0

dt
r(p,1/2+98)

T
dt—l—/ NE® I p.1/246)
0
r(p)

/3 |E|(1/2+8)f€d€
R

6p-dp a2sp-3
+Cf VE i zes 151" WER SN, 77 di

5p2—18p+9 11p2—24p+9
(p—D(15p=9) 3(p—DGp-3)
< Cllfolly" " / LFeN =" = 1E P £2 1 dt
0

(1-68) p—(9—68) T (25+108) p—(15+68)
T 12— 3(p—D I) 4(5p-3)
+Clifoll, / ”fS”pp HER 1, " di,

0

where C = C(p, 8) > 0 is a constant independent of ¢. In consideration of (2.3) and (2.5),
we have

T
/ dt/ (1+ [&]149)|g° |dxdE
0 R;},ng

5p2—18p+9 11p2—24p+9 T 1102 — 24
p= p— p p+9 -
<C, )Ll foll 777 / exp (—3 7 —DGr—3) c,,:>
A _ —

X QLE(fo) + 1€ e (fo)1 + M exp2Cp0))d1

(1—6162)(p—(;))—66) 3(2[)1) T 2p
+ C(p, )l foll R (1] / exp (7 f)
‘ 0 3(p=1 "
(254+108) p—(15+65)

x QLE(fo) + 1Ep.e(f) 1+ Mexp2Cpt)) *r—9  dt
= Ky(T, p, 8, fo) < 00. (2.10)

Estimates (2.7)—(2.10) imply that for p > 9, there exist a sufficiently small § € (0, 1/6) and
a positive constant K (7, p, 8, fo) independent of & > 0 such that for any R > 0

T
f dr / €17 5 dxdt < (R+ DK (T, p. 8, fo). @11
0 B(0 R)xJRg
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On the other hand, estimates (2.3) and (2.5) imply that for any 7 > 0, {f° : & > 0} and
{IE|>f¢ : & > 0} are bounded in L*®((0, T); L' N L?(R?® x R?)) and L>((0, T); L' (R? x
R?)) respectively. Hence, there exists a nonnegative function f defined on (0, 0o) x R? x R?
such that up to a subsequence

féf— f weakly inL'((0,T)xR*xR* forl<r<p, e—0. (2.12)

Let Br(§) e CX° (R?) be the cutoff function corresponding to the ball B(0, R) and let fr=
Br [, then

O fi+E Vofi =gk inD((0,00) xR xR, 2.13)

where g% = BrJ(f°) + (E® - VeBr) f© — Ve - (E° f7). By Corollary 2.3 in [33], Holder’s
inequality, generalized Young’s inequality and Lemma 2.2, we estimate each term in g%
respectively as follows

I1BrI (LD < Coll ££®)ll2 < Coll fE D =2 ZIIf (r>||2” :

ICE® - VeBr) £ () ]l2 < Ci1| B(O, R)Iillf’?(t)ll ||E8(t)||7,,2

<CiIBO. R

(””7/}2

[T,
= GIBO, RIS Ollplloge O oo,

7p2=39p+18 5p24+27p—18

< GIBO, R 7| f* Olploe Ol " Mo Ol "

7p2—=39p+18 5p2427p—18

< CyBO. BT |1 foll, D Ilfs(t)llw o el e, >,

and

=2 e e
IE® - frlla <IBO, R)|" 7 I DI, IE (t)llng2

71: —39p+18 _pBSp=21) Sp +27p—18

< Cs|BO, BT ||fo||1 FE O ER £l T

Here C; =C;(p) (i =0,1,...,5) are all positive constants independent of ¢ and R. Hence,
for any given R > 0, g% is uniformly bounded in L?((0,T) x Ri; H‘I(Rg)) with re-
spect to ¢ > 0. Using the velocity averaging lemma [10] to the linear transport equation
(2.13), we deduce that for any fixed R > 0, fB(O,R) |E]" fr(t, x,&)dE is uniformly bounded
in H4((0, T) x R?) for any fixed r > 0. Consequently, the compact imbedding theorem,
the uniform bound of & (f¥)(¢) and estimate (2.11) ensure that fn@ |EI" fe(t, x, £)d& is com-
pactin L}, ([0, T] x R?) for any fixed r € [0, 2], which obviously implies the compactness
of pre, pye(|upe|*+36) and preu se in the spaces L} ([0, T]1x R¥) and L] ([0, T] x R?)?
respectively. Hence, we may assume up to a subsequence

loc

pre = Pf, in L] ([0, T] x R?®), ¢ —> 0,
pre(lupe* +30p) > pr(lupl* +3607), inLl ([0,T]x R, ¢ >0, (2.14)
PreUlpe —> PrUf, in Lloc([O, T] X R3)3, e — 0.
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From (2.12) and (2.14), we obtain by the method used in [23] and [33] that for any R > 0
J(f)— J(f), inL'((0,T)x B(0,R) xR}), ¢ —> 0. (2.15)
Next, we show
Eff*— Ef, inD'(0,T)xR*xRY, ¢—0. (2.16)
‘We notice that
ECf*—Ef =(Kexpge) f* = (K*pg) f =[(Ke = K)x ppe] f*
+ (K *(pre —pp)1f + (K xpp)(fF = [). (2.17)
Firstly, we show
[(Ke —K)*pselfS—0 inD((0,T) x R* xR?), ase — 0. (2.18)
For any ¢ € C®((0, T) x R* x R?), by Holder’s inequality and Young’s inequality, we get
(K = K) % ppel f°@lL) < NUCKe = K) x ppeddll2 N7 N2
< 1supp(@)|'" | llcI[(Ks — K) % pge ez W02z,

< 15upp(@)] 218l 12541 300 £ 2 IKe = K| 10pcs.

L, P~

Here and below, || - [|L], ., | - IIL{, and L{'(L{) denote norms of the function spaces
L9((0,T) x R* x R%), L1((0, T) x Rﬁ) and L9 ((0, T); L% (Ri)) respectively. Since

1/2

1SupP(@) 2Bl 19 ¢ 270 £ 22,

has an upper bound independent of &, and since |K, — K|| 10p-6 — 0 as ¢ — 0 due to

L’
190;—7 3, [14] and [16], we obtain that [|[(K, — K) * o= 17¢@ll,1  — 0. which obviously
implies (2 18). Secondly, we show
[(K *(pre — pp)1ff—0 inD'((0,T) x R* xR%), ase — 0. (2.19)

For any ¢ € C°((0,T) x R3 x R%), take a fixed r > 0 such that supp(¢) C (0,T) x
B(0,r) x B(0,r), denote pre)(t,x) = [z ¢f°dé and pes)(t,x) = [z ¢fdE. Then for
any R >r

T
dt
0

(K * (pge — pf)](hX)(fg¢)(f,x,€)dxd%‘}

R3xR3

T
<[ a / LK % piago )6, )05 = )0, D)

|P@re) @, V) )’)I }
— loge — pyrl(t, x)dx
4 / /11@3 |:/1;(0 r) lx — y|2 ! !

I |o@re) (. ¥)I
<— / di / [ / Wizdy] lose — prl(t, x)dx
4 Jo ki=r L/BO,)  1X — VI
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|o@re)(, y)l
+ — dt[l ) [/B(o (Id))cf—)ylz y|loge — pyrl(t, x)dx
x|< r)

1
<—— dt/ [/ |o@re) (@, )Id]lps—p [(t, x)dx
4n(R_r)2/ o Lo, PO »ldy |1y f

+—|B(0 N gl sup [1F5 O,

O<t<T

1
X dtf |:f 7dy:| lpre — pr|(t, x)dx
/0 i<k LB 12— yI? ! !

T /
<———|BO,"N*" $]lo G
—zn(R—r)2| ©. N lgllecl foll sup IL/* 01,

+2RIBO. )" bl sup IIfs(t)llpf drf o — oIt X)dx.

0<t<T

Letting ¢ — 0 and R — oo in succession and using (2.3) (2.14), we obtain (2.19). Finally,
we show

(K*pp)(ff—f)—0 inD'((0,T) x R* x R?), as e — 0. (2.20)

In fact, the velocity averaging lemma implies that for any ¢ € C°((0, T') x R? x R%), a sub-
sequence of pre)(f,x) = [o3 @f dE converges to pp)(t,x) = [p3 ¢fdE in Ll ([0, T] x
R?) as ¢ — 0. Due to this result, the proof of (2.20) is the same as that of (2.19). From
(2.17), (2.18), (2.19) and (2.20), we obtain the desired result (2.16).

Thanks to (2.12), (2.15) and (2.16), we can go to the limit ¢ — 0 in the weak form of
(2.1), (2.2). Actually, by Lemma 2.1 we have

T
/ dr / FE@ub+E -Vt EF - Ved)drde + / fodlizodide
0 R3xR3 33

R>xR:
T
—/ dt/ J(f*)pdxdE =0
0 R3xR3

for any & > 0 and any ¢(t, x, &) € C([0,T) x R® x R?)). Letting ¢ — 0, we get for any
$(1,x,6) € CX([0, T) x R? x R?))

T
f 1 / FO$+E-Vip+ E - Ved)dxds + f Folizodxdé
0 R3xR3 3.3

R xR
T
—/ dt/ J(f)pdxdé =0.
0 R3 xR3
It implies that f is a global nonnegative solution to (1.1)—(1.5). Finally, Using (2.12), (2.14),

(2.15) and (2.16), and passing to the limits in (2.3)—(2.5), we obtain (1.10), (1.11) and (1.12)
(note that conservation of mass is obvious). O

3 Proof of Lemma 2.1

In order to show Lemma 2.1, we first consider a BGK equation with a given external field
E(t, x) which is assumed to be sufficiently regular, i.e., we discuss the following Cauchy
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problem:

OWf+E-Vif+E@t,x)-Vef=J(f), . EeR xR +el0,T],
f(oaxaé):fo(xsé)v (X,E)ERS XR3,

where the external field E(¢,x) € C([0,T]; C b' (R?)) is fixed. We also assume that for some
B > 5, y > 3 there is a positive constant ¢ such that fy(x, &) > Hf—xly exp(—|€?) and (1 +
[EIBHY) fo(x, &), (1 4+ |E1F)YA + |x]") fo(x, E) € L¥(R? x R?) (this obviously implies that
(1+1£€1%) fo € L' (R? x R?)). Under those assumptions, we know from the theory of ordinary
differential equations that for any (¢, x, &) € [0, T] x R3 x R3, the characteristic equations

3.1

X(©)=E@), X (1) =x,
. (3.2)
E(s)=E(s,X(s)), E(@®)=¢§
of the first order partial differential equation (3.1) has a unique solution
Z(s,t;x,8)=(X(s,t;x,£), E(s,1;x,8))
defined on [0, T'] such that
Z(s,t;x,8) € C'([0, T] x [0, T] x R* x RY; R? x R?),

furthermore, for any fixed s, € [0, T'] it is a measure preserving homeomorphism from
R? x R? onto R? x R3. Hence, a nonnegative function f € L*®([0, T]; L'(R? x R%)) is a
weak solution to (3.1) in distributional sense if and only if f satisfies the integral equation

f(t,x,é)=CXP(—t)fo(Z(0,t;x,‘§))+/ exp(—(t — )M f1(z, Z(z,1; x,§))d7, (3.3)
0

or its equivalent form

(. x,8) = fo(Z(0,1; x,8)) +/ J()(T, Z(z, 1;x,8))dT. (34
0

The characteristic flows have a series of estimates [32], for example, for any s, ¢ € [0, T']
and (x, &) e R® x R3

B, 1%, )| =T Ell + 151, 18(s,15x,8) =& < T Elloo
1X (s, 73%,8)| < T*| Elloo + x| + T &1, X (s, 15%,8) — x| < T?| Elloo + TI£],

where || E||s is the L*®((0, T) x R?) norm of E (¢, x). Consequently, we get for any s, ¢ €
[0,T], (x,§) e R* x R?

El < TIElloo +E(s, 15 x, 6],
x| ST*||Elloe + TIE(s. 1%, 6) | + | X (5. 1 x, 6]
(1+ &%) < Ki(1 +1E(s. 1 x, 6,
and
L+ EPYA+ x[") < Ka(1+ |E(s. 1 x,6)]PT7)
+ KA+ B 6x.6)P)A+ X (s, 1:x,6)]),
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where 8,y > 1 and Ky = 2+ 2T | E(-, )ll«)?, K2 = K2(B, v, T, |Ellec) = 3 + 3T +
3T?||E|l)” K. With the above assumptions and estimates, we can show the following re-
sult.

Lemma 3.1 The Cauchy problem (3.1) has a unique nonnegative weak solution f €
C([0, T]; L' (R? x R?)) satisfying that there is a positive constant ¢; = ¢|(T, | E|lo0) such
that

C1
L4 [x[7”

pr(t,x) > te[0,T], x eR>. (3.3)

Furthermore, £ (f)(t) € L'[0, T] and for any p > 1 there corresponds a positive constant
C, independent of ¢ and T such that

If Ol =1l foll1, If Ol <exp(C,Ol foll . t€[0,T]. (3.6)

Proof We carry out the proof in several steps.

Step 1. Lower bound estimates: We show that for any nonnegative solution f to (3.1)
defined on [0, T'] there is a positive constant ¢; = ¢(T) such that (3.5) holds. This is an
easy consequence of (3.3), since for any ¢ € [0, T'] and x € R3

py(t,x) = exp(—1) / FZ (0, 1 x, £))dE
]K3

— ¢ —|= . 2
= exp(=T) TT X x B exp(—|E(0,1; x, §)|)d§

Cc

> exp(—T — 2T*||E|2 )/ exp(—2|&1%)d

P " Jrs 1+ (THE oo + x| + TIEY P s
_ exp(=T =27 E||3) cexp(—2[§[%) de
- I+ |x]7) Ry 20N+ 2V N(T?E|lo + TIEDN”

Taking
cexp(—2[§1%)
c = exp(—T - 2T2||E||io)/ -1 -1 = 2 ;’% dé’
r 2V 2V (T3 Elloo + TIEDY

we get the desired estimate (3.5).

Step 2. Upper bound estimates: We shall need some weighted L*> norms introduced in
[21], which are defined as follows

Ng()=sup (1+[Ef(x,8),

(x,&)eR3xR3

Ng,(f)= sup  (1+|x[")A+EP)f(x, &)l

(x,6)eR3 xR3

We show that for any nonnegative solution f to (3.1) and a given > 5 there exist positive
constants ¢, c3 such that

Ng(f (1)) = c2exp(cst)Ng(fo), 1€[0,T], (3.7
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Ng,, (f (1)) = caexp(est) (Npy (fo) + Npiy (f0)), 1 €[0,T]. (3.8)

Multiplying both sides of (3.3) by (1 + |£|?), we obtain by the L* estimates for local
Maxwellians [21] and the estimates on characteristic flows deduced above

Ng(f (1)) = K1 exp(—1)Ng(fo)

+KICB) / exp(—(t — DN (f(D)dr. 1€[0,T],
0

where C(8) > 1 is a positive constant dependent only upon B [21]. The Gronwall’s lemma
implies

Ng(f (1)) = Kiexp(Ki1C(B)1)Ng(fo), 1€[0,T]. (3.9
Multiplying both sides of (3.3) by (1 + |£|#)(1 4+ |x|?), we get by a similar method that

Ng., (f @) < Kaexp(—=1)[Ngy, (fo) + Ng, (fo)]
+KCB) [ enp(—t = DNy (F0) + Moy (FE)d, 1€ D0.T
0
This inequality and (3.9) obviously imply that

Ng, (f(1)) < Kyexp(—1)[Ngy,, (fo) + Ng,,, (fo)]
+ K>C(B) exp(K1C(B))Ng, (fo)

t
+ KZC(;‘})/ exp(—(t —1)Ng, (f(r)dr, tel0,T].
0
Then, the Gronwall’s lemma gives

Ng,, (f(1) < K2(14 C(B) + K2C(B)*) exp(max{Ky, K2}C(B)1)
x [Ny (fo) +Ng, (f0)], t€[0,T]. (3.10)

From (3.9)and (3.10), we obtain the desired estimates (3.7) and (3.8) by taking

c2=K)(1+C(B)+ K,C(B)*) and c¢3=K,C(B).

Step 3. Existence and uniqueness: It is well known that the weighted Lebesgue space
X = L'R? x R?%; (1 + |€|*)dxd&) with norm

I 11x z/ |f (e, )11 + [E1))dxdE
R3xR3

is a Banach space. Then the metric space

X(T)={feC(0,T]; X):
f is nonnegative and verifies (3.5), (3.7) and (3.8)}

with metric || fi — f2ll7 = max;epo,77 1| f1(t) — f2(¢) || x is a closed subset of the Banach space
C([0, T]; X). It has been proved in [21] that there exists a positive constant L such that for
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any fi, f> € X(T)
IMLfi1(t) — M 21ONx < Lol f1@) — 2®llx, t€l0,T] (3.11)

Now, we define a nonlinear operator F on X (T) by
(Ff)(t,x,8) = exp(—1) fo(Z(0,1; x, §))
+/ exp(—(t —1)M[f1(r, Z(7,t; x, §))dT,
0

then (3.5), (3.7) and (3.8) show that F maps X (7) into itself. On the other hand, it follows
from (3.11) that for any fi, f> € X(T)

II(Ffl)(t)—(Ffz)(t)llxSL/O Ifi(s) = fa()lixds, 1€[0,T],

where L =2(1 + T?||E ||§C)L0. It implies that for any nature number n

(LT)"
n!

ICF" f1) = (F" f)llr < Ifi = fallz-

Consequently, for n large enough the operator F” is a contraction from Xy into itself. So,
the Banach fixed point theorem ensures that the operator F has a unique fixed point in X7.
Obviously the fixed point is the unique solution to (3.1) verifying (3.5).

Step 4. Proof of other estimates: The estimate & (f)(t) € L'[0, T] follows directly from
(3.8). To prove (3.6), taking L? norms on both sides of (3.3), we obtain

IIf(t)IIpEeXP(—t)Ilfo||p+/ exp(=( =s)IMLfI)pds, 1€[0,T].
0

Then, we use the L? estimate ||M[f]]l, < C(p)|l f|l, of local Maxwellians (it is valid for
nonnegative functions f (x, £) satisfying f € L?(R®> x R®) forany p > 1l and (1 + |£|>) f €
L'(R? x R?))(see [33], Corollary 2.3), we further obtain

t
If DIl = exp(=DIl foll, + C(P)/ exp(—=( =) f)llpds, 1€[0,T].
0
Then, the Gronwall’s lemma implies that

If Ol =exp((C(p) — DDl foll . 1€[0,T].

Letting C;, =C(p) — 1 >0, we get the second estimate in (3.6). The first estimate in (3.6)
is implied by the same method and || M[f](#)|l; = || f(¢)| for any # € [0, T']. O

Having proved Lemma 3.1, we are in a position to construct a sequence of approximate
solutions to the Cauchy problem (2.1), (2.2). To this end, for any nature number j we in-
troduce a closed convex subset C; of the positive cone L] ([0, 00); L' (R?)), of the space
L} ([0, 00); L' (R?)) as follows

C; ={p(t,x) € L,.([0,00); L'(R?)), :
p(t,x) <jand p(t,x) =0for |x| > jort > j},
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then we define a continuous mapping W, from L} ([0, c0); L'(R?)), into C; by

loc
pt,x), (,x)€l0,j]x B(0,))and p(t,x) < j;
(Wip)(t,x) =1 J, (t,x) €10, j] x B(0, j) and p(t, x) > j;
0, t> jorxe B, j)-.
Here, B(0, j) = {x € R?: |x| < j} and B(0, j)° = {x € R*: x| > j}. We denote by J;(1)

the one dimensional regularizer with regularizing radius 1/j, then the approximate Cauchy
problems for (2.1), (2.2) are constructed as follows

atfjs—i_sfojs_i_EjVSf]s:J(fjs)’ fjs(07x7g):f()](xa$)’ (312)
E5(t,x) = y{Ke () e [J; () % (W 040)] (2, )}, (3.13)
x, 8 eR*xR3, re]0, /).
Here, fy j(x,&) is defined by

(.6) = gy e, 6 max( o, ) )+ - D)
fo,] X,E =Q; X,g max{fo X,E 7]}+;m7

in which y > 3 is a fixed number and ¢; is the usual cutoff function such that 0 < ¢; <1,

@;(x,&) =0 for |x|* + |£]* > j2, and lim;_, » ¢(x, §) = 1. It is obvious that

lim / [+ ) fo.; — fol(x, §)dxdE =0, Jliﬁolo I fo.; — follLr @3 xm3) =0,
xR g

j—oo R3

and for any 8 > 0

1 exp(—[£/)
i(x,5)>—————, N i) <oo, N ) < 00.
So,j(x,8) I 8.y (fo.;) gy (fo.j)
As a consequence, forany j =1,2,..., fy ; as an initial datum satisfies all assumptions of

Lemma 3.1.

Lemma 3.2 Under the above assumptions, for any fixed j = 1,2, ... and any fixed ¢ >
0, the Cauchy problem (3.12), (3.13) has a nonnegative weak solution ff e L>=(0, jl;
L'(R?® x R®)). Furthermore, for any p > 1 there corresponds a positive constant C;, in-
dependent of € and j such that

L7 Ol =1 folh, I1L£7 Ol < exp(C,D foillp, 1 €10, j1, (3.14)

EH@) < [E(fo)) + 2 foIlexp@), 1 €l0, 1. (3.15)

Proof According to Lemma 3.1, for any given p(¢, x) € C; the Cauchy problem for BGK
equation

Wf+&-Vif +E;(t,x)-Vef=J(f), (x,§eR xR, 1[0, /],

3.16
f(0!x7g):f0.j(xa$)7 (X,$)€R3X]R3 ( )
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has a unique nonnegative solution f € C([0, j]; L'(R? x R?)) satisfying that & (f)(t) €
L'[0, j] and that for any p > 1 there corresponds a positive constant C ;, independent of &
and j such that

ILF O = 1ol If O, <exp(C,Ol fo il t€I0, ], (3.17)

where Ej(1,x) = y{K.(-) x [J;(-) % p1(z, )}(x) € C([0, j]; C;°(R?)) and [|E;(2, )|l <
e~ p(t, )|l; for t € [0, j]. On the other hand, it is easy to show that [32]

d
d—&(f)(t) 22/ §-E;@t,x)f(t,x,8)dxd§
t 3«R3

R xR

<&@ + 1 fo INNTE; 1112
<&NHO +e2Nfo,I5, 1 €I0, /1. (3.18)

Then, the Gronwall’s lemma gives that

&)@ <[&(fo))+e 2l fo,lile', 1 €]0, 1. (3.19)

Due to these results we define a mapping F from C; into itself by F/p = W, p,. At present,
we suppose that the operator F is continuous and maps C; into a compact subset of itself
(i.e., F is completely continuous), then the Schauder’s theorem ensures that F' has a fixed
point in C;. We denote the fixed point by p} and the corresponding solution to (3.16) by f7,
then ,o = \IJ,pfs and consequently E;(z, x) =Y{K: () > [J; () % (\If,pfs)](t 9}(x). This
result and esumates (3.17) and (3. 19) imply that f ¢ is a nonnegative solutlon to (3.12),
(3.13) such that it verifies (3.14) and (3.15).

To finish the proof, it is sufficient to show that F' is a completely continuous operator from
C; into itself. Firstly, we show that ' maps C; into a compact subset of itself. We denote by
£7 the unique solution to (3.16) associate with § € C;. It follows from (3.17), (3.19), the L”
estimates for local Maxwellians [33], and || E; (¢, ) llo < &' [10(¢, )Il1 <&~ 1j|B(0, j)]| that
(fP:pe C;} and {—Eﬁ(t,x) . V;f'a +J(fP):pe C;} are bounded subsets in L2((0, j) x
R? x R3) and L2((0, j) x R®; H~! (]R3)) respectively. Hence, the velocity averaging lemma
[10] and the estimate (3.19) imply that {p,5 : p € C;} is relatively compact in LIOC([O, jlx
R%), as a consequence we know that {¥; pyss : p € C;} is relatively compact in C;. That is to
say that F is compact.

Next, we show that F is continuous. Let p, 0, €C; (n=1,2,...)and p, = p inC; as
n — oo, we have to show that Fp, — Fp in C; as n — oo. It is equivalent to show that any
subsequence of Fp, has a subsequence that converges in C; to F p. Since W¥; is continuous,
it is also sufficient to show that any subsequence of p 4 has a subsequence that converges
in L' ([0, j]x B(0, j)) to p fh- On the other hand, the last step implies that any subsequence
of p o does have a subsequence that converges in L' ([0, j] x B(0, j)). Hence, it remains
to show that the limit must be p 5. Without loss of generality, we may assume that p
converges in L' ([0, j] x B(0, j)) to some p € L'([0, j] x B(0, j)), then we prove p = Prp-
Actually, we may also assume that f” converges weakly in L”((0, j) x R? x R?) to some
nonnegative function f € L' N L?((0, j) x R? x R®) for I < p < 0o. Let " = J(f?) and
g"=—-E;f Pn | then it follows from (3.16) that

fPr +E -V frr=h"4+Vig", (x,&)eR xR, rel0,]],

3.20
FrO.x.8) = fo (6. 8),  (r.8) € R x B3, 3.20)
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Similar to the proof of Theorem 1.1, (3.20) and the velocity moments lemma (Lemma 2.4)
imply that for any R > 0

j -
/ a’tf |EIP2 fPrdxde
0 B(O,R)ng

J
sK(1+R)/ dr/ (14 [EDIg" | + &P IR" dxde
0 R} xR}

FKA+R) [ 1P+ 16F fold v G2
x XIRg

where K is a positive constant independent of n. Due to the above estimates, it is easy
to show that the left hand side of (3.21) has a finite upper bound independent of n. This
result and the velocity averaging lemma imply that fn@ |E]" fPu (¢, x,E)dE is compact in
L} .0, j] x R?) for any fixed r € [0, 5/2). Consequently, we have for any R > 0 when
n — oo (up to a subsequence)

fon— f, in L7((0, j) x R® x R%),

Pyin = OF, in L'((0, j) x B(0, R)),

0 pin ([t pn | 4+ 365,) = pp(lug|* +365), in L'((0, j) x B(0, R)), (3.22)
Pyl pin —> PrUf, in L'((0, j) x B(0, R))*,

J(fPy — J(f), in L'((0, j) x B(0, R) x R}).

On the other hand, it is easy to show that
E; (t,x)— Ez(t,x), inL*™((0, j) x R?). (3.23)
By (3.22), (3.23), we can go to the limits in distributional sense in (3.20) and obtain that

W f+&-Vof +E;(t,x)-Vef=J(f), (x,§eR xR 1[0, /],

3.24
FO.x.8) = fo,(r. &), (r.6) €R x RS, (3:24)

By Lemma 3.1, f7 is the unique solution of (3.24). So, f = f” and pr = pyi- This result
and (3.22) give that p 5, — p; in L'([0, j1x B(0, j)) as n — oo. Hence, F is continuous
from C; into itself. 0
Proof of Lemma 2.1 Based on Lemma 3.2, the proof of the lemma is similar to and much
easier than that of Theorem 1.1. So, we only give a very sketchy proof of it by pointing
out key estimates which is sufficient for using velocity averaging lemma and velocity mo-
ments lemma. In the following, we always assume that the initial datum f; verifies the
conditions given in Lemma 2.1 and we also use the notation fy ; (j =1,2,...) given be-
fore Lemma 3.2. We will show that a subsequence of solutions {ff 1j=1,2,...}t0(3.12),
(3.13) given in Lemma 3.2 converges weakly to a solution of the Cauchy problem (2.1),
(2.2). Actually, we can restrict ourselves to any bounded time interval [0, T'] since a di-
agonal method enable us to extend the solution to all positive times. Let p > 2, then for
any j > T, ff verifies (3.14), (3.15) for all ¢ € [0, T]. Furthermore, it is obvious that

IEp. (t. )l < & Hpge(t, )i = e I foll for ¢ € [0, T]. Since &(fo.;), Il fo;ll and
°J
Il fo.j |l , have finite upper bounds independent of j =1, 2, ..., the velocity averaging lemma
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and the velocity moments lemma imply that there exists a subsequence of { /7 : j =1,2,...}
(denoted by itself) and a nonnegative function f* such that for any R > 0 as j — oo

fo.i = fos in L'(R? x RY),

i f in L7((0, T) x R? x R?),

Pyt = s in L'((0, T) x B(0, R)),
pre(luge* +3050) = pr(lugl? +365), in L'((0,T) x B(O, R)),
pretys = prty, in L'((0, T) x B(0, R))?,

T = I, in L'((0,T) x B(0, R) x R}),

Epf;: (t,x) = Y{K: () % pp(t,)}(x),  in L=((0,T) x RY)’.

Due to these results, we can go to the limits in the weak form of (3.12), (3.13) and obtain
that

T
/ dt / (3¢ +&-Vip+ E° - Vig)dxdé + / fodli—odxdE
0 R3 xR3 R

3xR3
T
—f d;/ J(f*)pdxde =0
0 R3 xR3

for any test function ¢(t,x,&) € C*([0,T7) x R* x R?), where E®(t,x) =
Y{K:(-) %, py(t,)}(x). Consequently, f* is a weak solution on [0, T') to (2.1) (2.2).

To finish the proof, it is sufficient to show that f* satisfies (2.3), (2.4) and (2.5). (2.3)
follows directly from (3.14). On the other hand, since |£| is a collision invariant of the BGK
operator J(f), (2.4) can be obtained by a similar method used in [16] and [32]. Now, we
prove (2.5). In fact, by the definition of £, .(f*)(¢), Holder inequality and Lemma 2.2 we
obtain

pfs(t,x)pfs(t, y)

1
1€p.e (fD)] = E/ dxdy < Cllps(t, )35

R3xR3 lx — ¥l
Tp—9 5p=3
6(p—1) 6(p—1)
EC”pr(ty')”] i ”pfg(t»')”r(;;)
Tp—9 P 1

5p=3 T e 2
< CLCEITD | folly" " FEON" " NEP FEOIf

P

5p—3 @ - |
< CLCPI | foll 77" [exp(Cpt) | foll 170D [E () (1)]2

= \/ﬁexp (ﬁé,,t) [&(f) D12,

5

= -3 Tp=9_ P
where v M = C[C(p)] 5D Il foll 16(”_1) [ foll ;""" . Inserting this inequality into (2.4), we get

SO < [EC0) +1Ep: o)l + VM exp (ﬁ@r) CATRIOIES

which obviously implies (2.5). O
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